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Abstract. We construct Einstein metrics of non-positive scalar curvature on certain solid torus 
bundles over a Fano Kahler-Einstein manifold. We show, among other things, that the negative 
Einstein metrics are conformally compact, and the Ricci-flat metrics have slower-than-Euclidean 
volume growth and quadratic curvature decay. Also we construct positive Einstein metrics on 
certain 3-sphere bundles over a Fano Kahler-Einstein manifold. We classify the homeomorphism 
and diffeomorphism types of the total spaces when the base is the complex projective plane. 

1. Introduction 

An Einstein manifold is a (pseudo-)Riemannian manifold whose Ricci tensor is proportional to 
the metric tensor [3], i.e., 

(1.1) Ric(g) = Xg. 

From the analytic point of view, the Einstein equation (ll.l[) is a complicated non-linear system of 
partial differential equations, and it is hard to prove the existence of Einstein metrics on an arbitrary 
manifold. For example, it is still unknown whether every closed manifold of dimension greater than 
4 carries at least one Einstein metric |4, 0.21]. Thus people turn to studying Einstein manifolds with 
large isometry group, e.g., when the isometry group acts on the manifold transitively, and hence 
(II. ip reduces to a system of algebraic equations, or when the isometry group acts on the manifold 
with principal orbits of codimension one, and hence (jl.ll) reduces to a system of ordinary differential 
equations. In both cases, it becomes much more manageable to establish some existence results 
for Einstein metrics (see the surveys 4, Chap 7] and |30i §§2,4]). Recent progress in this direction 
includes the variational approach to study homogenous Einstein metrics by several authors (see |21j 
in the noncompact case, and i5i in the compact case). 

Another natural simplification of (jl.ip is to impose the Einstein condition on the total space of a 
Riemannian submersion with totally geodesic fibers [H 9.61]. One major obstacle in this setup arises 
from the existence of Yang-Mills connections with curvature form of constant norm. In general, 
it is still unknown when this necessary condition is satisfied. However, if the structure group of 
the underlying fiber bundle is a compact torus and the base is closed, then the curvature form of 
a principal connection is the puUback of a harmonic 2-form on the base. This observation leads 
people to consider principal torus bundles over products of Kahler-Einstein manifolds and their 
associated fiber bundles. In these cases, the harmonic 2-forms are rational linear combinations of 
the Ricci forms. Many interesting Einstein metrics have been discovered on these spaces, among 
which is the first inhomogeneous Einstein metric with positive scalar curvature constructed by Page 
[26] on CP^ttCP , i.e., the nontrivial 2-sphere bundle over CP^. Later on, the method of Page was 
extended by several authors to construct positive Hermitian-Einstein metrics on certain 2-sphere 
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bundles over products of Fano Kahler-Einstein manifolds (31 HTJ [55] . On the other hand, Koiso 
and Sakane |16| were able to construct the first inhomogeneous Fano Kahler-Einstein metrics on 
certain 2-sphere bundles over two copies of the same Fano Kahler-Einstein manifolds. Note that all 
the aforementioned Einstein metrics live on the 2-sphere bundles associated with a principal circle 
bundle. We refer the reader to [H Chap 9] and [301 §§1;3] for more details. 

In this paper, we focus on constructing smooth Einstein metrics on the solid torus bundles and 
the 3-sphere bundles associated with a principal 2-torus bundle over a single Fano Kahler-Einstein 
manifold. Note that our principal 2-torus bundles are products of with a principal circle bundle 
(see Proposition 12. ip . 

First we consider the associated solid torus bundles. In general, given a principal 2-torus bundle 
P, we can construct a solid torus bundle T{P) = P x giy,gi {B^ x S^) via the left action of 2-torus 
X on sohd torus x 

Our first result demonstrates the existence of conformally compact Einstein (CCE) metrics on T{P). 

Theorem 1.1. Let V be a Fano Kahler-Einstein manifold with first Chern class pa, where p G Z^, 
anda € H'^iV;'!) is an indivisible class. Forq — ((?i,(?2) G with \q2\ > 0, let Pg be the principal 

2-torus bundle over V with characteristic classes {qia, q2a). Then there exist a two-parameter family 
of CCE metrics on T{Pq). 

Remark 1.2. In the case of ^2 = and \qi\ > p, we constructed in 8, Theorem 1.4] a one-parameter 
family of CCE metrics on T{Pg). 

Remark 1.3. All the CCE manifolds Theorem 11.11 yields are of odd dimensions, among which the 
lowest-dimensional ones are some nontrivial solid torus bundles over CP^. 

Remark 1.4. By Theorem 1 1.1) the moduli space of CCE structures on T{Pq) is nonempty. Then it 
must be a smooth infinite-dimensional Banach manifold (see [21 §2]). 

A CCE manifold is a complete noncompact Einstein manifold which is conformal to the interior 
of a compact Riemannian manifold- with-boundary [131 lU E| • The conformal boundary of the bulk 
space is called the conformal infinity. The fundamental link between the global geometry of a CCE 
manifold and the conformal geometry of its conformal infinity lies in the asymptotic expansion of its 
volume function w.r.t. the geodesic defining function determined by a choice of representative for 
the conformal infinity. In odd dimensions, the expansion has a logarithmic term whose coefficient 
turns out to be independent of the choice of representative, and is identified with a constant multiple 
of the total Q-curvature of the conformal infinity [14|lllj. Moreover, the pointwise Q-curvature can 
be read off from the asymptotic behavior of a certain formal solution to a Poisson equation on the 
CCE manifold [TTl Theorem 4.1]. Applying these general results to the CCE manifolds in Theorem 
11.11 reveals that 

Theorem 1.5. The conformal infinity of every CCE manifold in Theorem ] 1.1\ has a Q-flat repre- 
sentative, i.e., a metric with constant zero Q-curvature. 

Remark 1.6. It is worth mentioning that the same feature holds true for all the odd-dimensional 
CCE manifolds in [8] (cf. [i Theorem 1.10]). 

Remark 1.7. As an analogue to the well-known Yamabe problem, one may wonder whether every 
conformal class of metrics on an even-dimensional closed manifold has a representative with constant 
Q-curvature. We refer the reader to [71 El [251 E] for some generic existence results for constant Q- 
curvature metrics. 
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Our second result demonstrates the existence of complete Ricci-flat metrics on T{P). 

Theorem 1.8. Let V he a Fano Kdhler- Einstein manifold with first Chern class pa, where p € Z_|_, 
and a € H^{V; Z) is an indivisible class. For 9 = (qi, 52) € Z®Z with \ q2\ > 0, let Pq be the principal 

2- torus bundle overV with characteristic classes {qia,q2a). Then there exist a two-parameter family 
of complete Ricci-flat metrics on T{Pq). 

By the Bishop volume comparison theorem, a complete noncompact Ricci-flat manifold can have 
at most Euclidean volume growth. It can be shown that all the Ricci-flat manifolds in Theorem II .81 
have slower-than-Euclidean volume growth and quadratic curvature decay (cf. |22j). 

Now we turn to the associated 3-sphere bundles. In general, given a principal 2-torus bundle P, 
we can construct a 3-sphere bundle S{P) = P x gi-^gi via the left action of 2-torus x S*^ on 
unit 3-sphere S^{1) = {(21,^2) G : \zi\^ + |z2p = 1} 

(e^",e*^)-(zi,Z2) = (e'"zi,e^^Z2). 
Our third result demonstrates the existence of positive Einstein metrics on S{P). 

Theorem 1.9. Let V be a Fano Kdhler- Einstein manifold with first Chern class pa, where p G Z_|_, 
and a G H^iV; Z) is an indivisible class. For q = (gi, 92) S Z © Z with \qi \ > \q2\ > 0, let Pq be the 
principal 2-torus bundle over V with characteristic classes {qia,q2a). Then there exists a smooth 
positive Einstein metric on S{Pq). 

Remark 1.10. In the case of 92 = and < < p, Lii, Page and Pope [23l §3.3.2] constructed a 
smooth positive Einstein metric on S{Pq). 

Remark 1.11. A special case of Theorem ll.91 where the base V is CP^, was obtained by Hashimoto, 
Sakaguchi and Yasui |15l Theorem 1] in a different way. 

Remark 1.12. Let be a primitive rth root of unity, and let s be an integer coprime to r. The 
cyclic group Z^ C S*^ x S-^ of order r, generated by (a;,a;^), acts freely on from the right 

(zi,Z2) ■ {1^,1^") = izi^^,Z2^'')- 

It is clear from our construction that Z^ acts by isometry on the Einstein manifolds in Theorem 
11.91 The quotient manifolds, which are lens space bundles, inherit positive Einstein metrics. 

It is an interesting but difhcult problem to study the moduli spaces of Einstein structures on 
the above 3-sphere bundles. A first step in this direction is a diffeomorphism classification of the 
total spaces of these 3-sphere bundles. By comparing the Einstein constants of Einstein metrics 
with unit volume on diffeomorphic total spaces, we may gain some information about the number 
of components of the moduli space . 

The simplest case is that the base is 5^. There are only two 3-sphere bundles over 5^ up to 
diffeomorphism [28l §26]. The total space of the trivial one is the product manifold S"^ x which 
is spin, while the total space of the nontrivial one is the twisted manifold S*^ x which is non-spin. 
In Theorem 11.91 when qi -\- q2 = mod 2, the total space is spin, and hence is diffeomorphic to 
X S^, while when gi + (72 = 1 mod 2, the total space is non-spin, and hence is diffeomorphic 
to 5^x5*^. It is well-known that the moduli space of Einstein structures on either manifold has 
infinitely many components |12[ §2.2]. 

The situation becomes much more involved when the base V has higher dimensions. We succeed 
in classifying the total spaces only when V is CP^. In this case, the total space Wq of the associated 

3- sphere bundle S{Pq) is a simply-connected, closed 7-manifold with H^{Wq\ Z) = Z, H^{Wq\ Z) = 
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0, and H^{Wq;Z) ^ Zi^^^^l generated by , where m is a generator of Z). So \qiq2\ = \qiq2\ 

is a necessary condition for Wq to be homotopic to Wg. Furthermore, we can apply the classification 
result of Kreck and Stolz [17l [18] to show that 

Theorem 1.13. Assume K = qiq2 and L = qf + q2. 

(1) When K = —K, Wq is homeomorphic (diffeomorphic) to Wq iff \K\ = 1. 

(2) When K = K, Wq is homeomorphic (diffeomorphic) to Wq iff L = L mod 2'*^^'^^ x iK 
(and L + ■i'^^^^i^Y = £ + 3^(^) mod 2^ x 3^^^) x IK), where 

^ r 0, L ^s odd, 
II, L IS even. 

Remark 1.14. Wq is not homotopic to any Aloff-Wallach space M . The argument goes as follows. 
Note that M is spin, and H*{M ; Z) is a finite cyclic group of odd order. For Wq to be spin, qi + q2 
has to be odd (see Lemma [6.261) . So (71(72 is even, and H'^{Wq;Z) is of even order. However, we do 
not know whether Wq can be homeomorphic to any Eschenburg space. Note that the Kreck-Stolz 
invariants for a certain type of Eschenburg spaces can be found in 120) . 

Theorem 11.131 provides infinitely many pairs of homeomorphic manifolds which are not diffeo- 
morphic, as well as infinitely many pairs of diffeomorphic manifolds. For instance. 

Example 1.15 (Spin case). For r = 48s + 1, M^(i,r(r+i)) o.n-d W(^r,r+i) homeomorphic. They 
are diffeomorphic iff s = 0, 3, 4, 6 mod 7. 

Example 1.16 (Non-spin case). For r = 2As + 1, W(^2,2rir+i)) o-i^d W(^2r.2ir+i)) are homeomorphic. 
They are diffeomorphic iff s = At with t = 0, 1, 4, 5, 6 mod 7. 

Remark 1.17. Given a pair of diffeomorphic manifolds as in Examples I1.15l and ll.l6l Theorem 11.91 
asserts the existence of two positive Einstein metrics with unit volume on the underlying smooth 
manifold. But it is hard to verify whether they have the same Einstein constants or not (cf. Remark 
I6.23p . We believe that the Einstein constants should be different in general. Thus the moduli space 
of Einstein structures would have more than one component. 

The remainder of this paper is structured as follows. In ^ we discuss a class of principal 2-torus 
bundles over a Fano Kahler-Einstein manifold from both topological and geometric viewpoints. In 

we compute Ricci curvatures of the warped product of an open interval and a principal 2-torus 
bundle studied in Sj^l and reduce the Einstein equation on the product to a system of ODEs. In 

we find exact solutions to a subsystem of the Einstein system derived in SjH] In we construct 
complete non-positive Einstein metrics on associated solid torus bundles. After that comes a proof 
of Theorem 11.51 In Sj6l we construct positive Einstein metrics on associated 3-sphere bundles. We 
end the paper with a detailed calculation of characteristic classes of the 3-sphere bundles and the 
4-ball bundles they bound, which leads to an argument for Theorem 1 1.1 31 

2. Principal 2-torus bundles 

This section is devoted to a brief discussion of the topological and geometric properties of prin- 
cipal 2-torus bundles involved in Theorems 11.11 and 11.91 fsee [?T] for more details). 
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2.1. Topology. Let (F^", J, /i) be a Fano Kahler-Einstein manifold of complex dimension n > 0. 

Assume that the first Chcrn class ci{V, J) = pa, where p E Z_|- is the Einstein constant of h, i.e., 
Ric(/i) = ph, and a S H^{V;Z) is an indivisible class. Notice that H'^{V;Z) is torsion- free as V is 
simply-connected. 

Let be 2-dimensional compact torus. Wc decompose once and for all as a product x S^, 
and choose a basis {ei, 62} for its Lie algebra t^. Thus the set of isomorphism classes of principal T^- 
bundles over V is identified with [V, CP°° x CP°°], i.e., the set of homotopy classes of maps from V 
to CP°° X CP°°. Since CP°° x CP°° is the Eilenberg-MacLanc space K{Z(Bl., 2), {V, CP°° x CP°°] 
is isomorphic to H'^{V; Z © Z) ^ H'^{V; Z) © H'^{V; Z). Therefore a principal T^-bundle over V is 
classified by a pair of characteristic classes {v\,V2) S H^{V; Z) ® -ff^(I^; Z). 

The following describes how to construct the principal T^-bundlc classified by a given pair of 
characteristic classes. For Vi G H^{V;Z), let Pj be the principal S'^-bundle over V with Euler class 
Vi. Their Cartesian product Pi x P2 is a principal T^-bundle over V x V. The puUback bundle P 
of Pi X P2 by the diagonal map V ^ V x V is the principal T^-bundle over V with characteristic 
classes {vi,V2)- 

Observe that has a large automorphism group GL{2, Z). This fact provides a simple way to 

construct new principal T^-bundles out of old ones as follows. Given a principal T^-bundle P with 
characteristic classes (^1,^2), we can change the T^-action on P via an element A e GL(2,Zi), say 

A: S^xS^ xS^ 

This yields a new principal T^-bundlc P with characteristic classes (i'i,t'2)) where Vj = {A~^)jhVk- 
Notice that P and P have the same manifold as their total spaces. 

From now on, we will focus on a special class of principal T^-bundlcs over V , whose characteristic 
classes arc both integral multiples of a. Given q = ((Ji, 52) G Z® Z \ {(0, 0)}, let Pq be the principal 
T^-bundle over V with characteristic classes {qia,q2a). Denote by qo the greatest common divisor 
of qi and q2, and let Pq^ be the principal S'^-bundle over V with Euler class qoa. We have 

Proposition 2.1. The total spaces of Pq and Pq^ x are diffeomorphic to each other. 

Proof. Bezout's identity asserts the existence of integers ri and r2 such that qiri + q2r2 = qo- Let 

A^ ( '^1/* )&SLi2,Z). 

Changing the T^-action on Pq via A gives rise to a new principal T^-bundlc P over V with charac- 
teristic classes (go^, 0). But Pq^ x is also a principal P^-bundle over V with characteristic classes 
{qoa, 0). Thus P is diffeomorphic to Pg^ x S^. The proposition follows from the fact that Pq and P 
have the same total space. O 

2.2. Geometry. Let : Pq^ ^ V be the principal 5^-bundle with Euler class qia, i = 1,2. There 
is a principal connection 6^ on Pq. with curvature form fij = Tr*r] (Si qiCi, where rj is the Kahler form 
associated with h. If we denote by ej the global vertical vector field on Pq. generated by e,, i.e., 

ei(a;) = 4lt=o(a; • exp(<ei)), Vx € Pq,, 
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then 6^(ei) — e^. 

Recall that the principal T^-bundle tt : Pq V is the pullback bundle of the Cartesian product 
TTi X : X Pq^ V X V via the diagonal map V ^ V x V. Thus a principal connection 9 on 
Pq is given by the pullback of 9^ x 9^, and its curvature form is 17 = n*!] (g) (giei + 9262)- 

Let B = (bij) be an arbitrary positive-definite 2x2 symmetric matrix. It induces a left-invariant 
metric (•, •) b on given by (e^, Cj) b = ■ Consider now a bundle metric on Pq 

2 

(2.1) g= {9,9)B + c^'^*h= ^ hj9' ® 9^ + c^n* h, 

■1.3=1 

where c is a positive constant, and the convention is 6'*(ej) — Sj. Such a choice makes tt : {Pq, g) — >• 
(y, c^/i) into a Riemannian submersion with totally geodesic fibers. More importantly, the curvature 
form Q. is parallel w.r.t. the base metric. Thus the principal connection 9 satisfies the Yang-Mills 
condition. The relationship of the (2, 1) O'Neill tensor field A (cf. [H 9.20]) and the curvature form 
becomes 

AxY = -\n{X,Y) - -i77(^4X),5f,(r))(qiei + 5262), 

where X and Y are arbitrary horizontal vector fields on Pq. 

Now we compute the Ricci tensor of (Pg, g). To do that we choose an orthonormal adapted basis 
{Ei\i<i<2n on (V^^", J, h), i.e., = JEj, ^ < j < n, and let Ei be the unique horizontal vector 

field on Pq such that 7r*(£'i) — Ei. This gives us a standard basis {e^, i?j}i<i<2.i<i<2n on Pg. In 
terms of such a basis, we have [4j 9.36] 

Lemma 2.2. The non-vanishing components of the Ricci tensor of{Pq,g) are 

^ ^ n A 
Ric{ei,ej) = '^^'^^3^ Ric{Ek,Ei) = (p - ^)^*-^'' 

wif/i = (t/i, U2) = (qifoii + 92^12, qibi2 + 92622) A qiC/i + (72^/2 = qlbii + 2qiq2bi2 + gi&22- 
Remark 2.3. A = qBq^ > since P is positive-definite, and q = ('Zi,'Z2) 7^ (0,0). 

Let Ric be the Ricci endomorphism of TP,, i.e., g(Ric{X), Y) = Ric(X, Y), for X, F e TP,. By 
Lemma [121 we have 
Lemma 2.4. 

^ f^A^ ^ ^ p A 

Ric{ei) = ^ei, Ric{e2) = 0, Ric{Ei) = (^ - 2c4''^*' 

where ei = "^('^'i^i +9262) o'^c? 62 = VaA (^^ei ~ ^^162) are orthonormal vertical vector fields, and 
a = det B ~ ^11622 — &i2- scalar curvature of g is 

R{g) = tr(Rfc)^'^ip^^). 

Finally we derive a useful formula for bij involving a, A and Ui. Observe that the dual coframe 
of {ci} consists of = + ^^0^) ^^d = ^/^{q29^ - gi6l2), i.e., cD*(e,) = 5*. In terms 

of {w*}, the vertical components of the metric g ()2.ip takes a diagonal form 

2 

bijd^ (g) 6''' = cD^ (g) cD^ -I- (K) w^. 
Comparing the coefficients on both sides yields 
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Lemma 2.5. 



Uf + q^a UiU2-qiq2a , + qfa 

Oil — 7 , Oi2 — T , 022 = T • 



3. A FAMILY OF PRINCIPAL T^-BUNDLES 

Let Pq be a principal T^-bundle as in ^ and let T{Pq) and S{Pq) be respectively the associated 
solid torus bundle and 3-sphere bundle as in SJTJ Notice that there exist diffeomorphisms 

ToiPq) = Pq (B^ X S\{{0} X S'}) -IxPq, 

S,{Pq) = Pq xsi.si (^^{{0} X S\ X {0}}) - / X F„ 

where / C R is an open interval. Thus our strategy for proving Theorems 11.11 [L51 and FOl consists 
of constructing local metrics on ro(Pg) and So{Pq)^ and then extending them to be smooth Einstein 
metrics on T{Pq) and S{Pq) respectively. 

In this section, we study the geometry of product M = I x Pq endowed with metric g = dt^ + gt, 
where 

2 

(3.1) 9t^J2 (*)^' ® + c{tfTh, t e /, 

Bit) = {bij{t)) is a smooth one-parameter family of positive-definite 2x2 symmetric matrices, and 
c{t) is a smooth positive function of t. We will reduce the Einstein equation (II. ip on (M, g) to a 
system of ODEs. 

Denote by Lt the self-adjoint shape operator of hypersurfaces — {t] x Pq. By definition, 

where V is the Levi-Civita connection of 5, and N — is the unit normal vector. 
Lemma 3.1. For X,Y E TSt, we have 

gt{LtX,Y)^^g',{X,Y), 

where ' denotes 

Proof. Given a vector field Z on Ej, we denote by Z its unique independent extension to Af, such 
that the Lie bracket [Z,N] = 0, i.e., V^Z = VgiV. Thus 

9't{X,Y) = ^9{X,Y) 

= g{VNXX)+g{X,VNY) 

= 5(Vjj7v,y)+?(x,Vpiv) 

= gt{LtX,Y)+gt{X,LtY) 
= 2gt{LtX,Y). 

a 
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Lemma 3.2. On the standard basis {ci, Ej}i<,i<2,i<j<2n, Lt can be written in a matrix Jo 



{Ltei, Lte2, LtEi, • • • , LtE2n) — (ei, 62, Ei, - ■ ■ , E2n) 



\^ 




2n 



where ^' = B' B ^, B ^ = (&*■') is the inverse matrix of B, and l2n is the 2n x 2n identity matrix. 
In particular, 

1 c' 1 c'^ 

tr{Lt) = -fr(*) + 2n-, <r(i?) - ^M*') + 2n^. 

Proof. It follows from Lemma 13.11 and (jSHJ that on TSt 

1 ^ 

(3.2) gtiLti-), •) = 2 E ^'u^' ® + 

Clearly, gt{Ltei, Ej) — 0. We need to determine the remaining components. 

vw., =.c=,,rr,o Lte, = Y.]=i AzjCj, z = 1, 2. By dSH) and we have XlLi ^^fe^fej = iK,- 



Thus A., = iELife^fefe'-''- 

Second, assume that LtEi = t^ijEj, 1 < i < 2n. By (IXTj) and (15^ . we have c //^j — cc'Sij. 

Thus = ^^(5y. D 
Corollary 3.3. On the standard basis {e^, £'j}i<i<2,i<j<2n, L[ can be written in a matrix form 

(ijCi, £'(62, i't-El, • • • ,£ti?2n) = (ei, e2,i?l, • • • , £'2n) ( ^„ fc^_c'^U 

/n particular, 

Now we compute the Ricci curvatures of (Af, 5). For vector fields X, Y, Z e TSt, we have 
g{R{X,Y)N,Z) = giVyVxN -VxVyN + V[x^Y]N,Z) 
= giyyLtX -VxLtY + Lt[X,YlZ) 
= gtiV'yLtX -V'^LtY + Lt[X,Y],Z), 
where V* is the Levi-Civita connection of gt. Thus 

2 2n 

rS(Z,7V) = ^ 6*^g(i?(Z,e,)iV,ej) + ^c-2g(i?(Z,£;fc)7V,i;fc) 

i,i=l /c=l 
2 

= J2 b'^gti^iLtZ - \/%Lte, + Lt[Z, e,], e^-) 

2n 

+ c"'5t(Vi^,LtZ - V'^LtSfc + Lt[Z, Ek],Ek). 
fe=i 

Lemma 3.4. 'Ric[euN) = 0, / = 1,2. 
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Proof. Notice that 

2 2n 
ij—l k—1 

where we have used the fact [e/,ei] = since the fiber of the Riemannian submersion tt : (Sjjgt) — > 
(VjC^h) is an abehan group. But [ei,Ek] is vertical, so is Lt[ei,Ek]- Thus gt{Lt[ei, E^], Ek) = 0. 

Claim 3.5. gt{V\er,ej) = 0. 

Proof. In fact, 

= -5t(er, V|^.ei) 
= -5t(e,,V|.e^). 

O 



It follows from Claim [3?5] that 

2 

gt{V'^Ztei,ej) = ^ A/^5t(V|^e^, e^) = 0. 

Similarly, we have gtC^-^LtCi^ej) = 0. Moreover, 

gt{W%^Ltei,Ek) = gtiA^E^LtCi, Ek) - -gt{A%^Ek, Ltei) = 0, 

where A* is the (2, 1) O'Neill tensor field associated with gt (cf. [4, 9.20]). 

To sum up, we see that Ric(e;, A^) = 0. O 

Lemma 3.6. 'Ric{EuN) = 0, 1 <l <2n. 
Proof. We have 

2 

Ric{Ei,N) = b^'ati^iLtEi - W'sLte, + Lt[Ei,e,],e,) 

+ '^'^ati^k^tEi - S/%LtEk + Lt[Ei,Ek],Ek). 
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Observe that LtEi is horizontal, so is V\,LtEi as the fiber is totahy geodesic (cf. [H (9.25b)]). 
Thus gt{Vi;^LtEi,ej) = 0. Moreover, 

2 2 

— l i,j,r—l 

2 

i,j,r—l 
2 

= - J2 &"'A,jgt(e„V^^e,). 

Hence 

2 

i,j,k,r—l 
2 

= E fc:fe&'''6'^ff*(e„V*^,e.) 

2 

= E 2A„&*^5t(ej,Vi;,e.). 

2 j,r— 1 

It fohows that 

2 

E 6'^^gt(VijL*e„?,)=0. 

On the other hand, since V~ Ei is horizontal, and LfCj is vertical, we have 

gt{Lt[Euei],ej) = gt{[Ei,ei], LtCj) = gt{V%^ei, LtCj) = -gt{ei,WE,Ltej). 

Therefore, 

2 2 

E 6'^fft(it[£;i,e.],e,) = - E b''9t{e,y%Ltej) = 0. 

Finally, we have 

gtiV^E.LtEi - V%LtEk+Lt[Ei,Ek],Ek) = ^gt{V%^Ei - V^^i;^ + [^,, i;^], i;^) = 0. 
To sum up, we see that Ric{Ei,N) = 0. O 

By Lemmas 12.21 13.21 and Corollarv 13.31 it is straightforward to show that [10, §2] 
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Lemma 3.7. The non-vanishing components of the Ricci tensor of{M,g) are 

1 1 c" 

(3.3) Ric(N, N) = --ir(*') - -tr(^^) - 2n—, 

2 4 c 

(3.4) mc{e.,e,) = ^U,U, - ^^^.(^M*) + 2r/) - ^b'!^ + ^ ^ K.b'^^b'^' , 

(3.5) RfciEk^Ei) = (p - A _ cc'{^tr{^) + 2n-) - cc" + c'^)Ski. 

l& 2 c 

Thus the Einstein equation Ric — eg on (Af^"+'^,g) reduces to a system of ODEs 

(3.6) -itr(vl/')- Jtr(*2)-2n^ = e, 

111 r' n 

(3.7) - ^{^tm + 2n-)* + —U^q = 6l2, 

We close this section by quoting a couple of elementary identities involving ^ and a. 
Proposition 3.8. 

tr{^) = (log a)', tri^"^) ^ tr{^f - 2 det 

4. Exact solutions of the Einstein system 

In this section, we construct exact solutions of the Einstein system p.6p - (l3.8p . To do that we 
introduce a new coordinate s defined by ds = ^/adt, and let /3(s) = c(t)^. Then the metric g takes 
the form 

2 

(4.1) g = a{sy^ds^ + ^ bij{s)d' ® 9^ + I3{s)^*h, 



and the Einstein system p.6p - p.8p becomes 

(^■2) ""(-^n(F^-'^2^2+2-^' 



a , B • d n rp 

(4.3) 2(-V-*)-2*+2^^ 



(4.4) ^(-^-(--l)(^n-^^^ + ^-;^ = ^, 



where ■ denotes T = deti? and $ = BB^^. Here we have used Proposition! 

Thanks to Back (see [TOl Lemma 2.4]) we can restrict ourselves to the subsystem consisting of 
(j4.3p - (|4.4l) . and look for only those solutions which can be extended to at least one endpoint of /. 
However, to the best of our knowledge, there is no general way to explicitly solve such a coupled 
non- linear system. Fortunately our work in [8] (cf. Remark II. 2p sheds some light on the problem. 
Motivated by [S", Example 4.6.4] our starting point is to assume /3 is a linear function of s. 

Assumption 1. j3 — us for some positive constant n. 
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Under this assumption, we are able to find exact solutions of (|4.3p - (|4.4p in the following way. 
First we take the trace of both sides of (14.31) to get 



Then n x (gll) + (|43]) yields 



(4.6) a = ~2na^ + na{-^ - (n - + ^ - 2ein + 2). 
By Assumption [l] ()4.6p becomes 

/ . _N .. 2n . n(n ~ 1) 2np i „ , „x 

(4.7) ci = a ^— — '-a + —s-^ -2e{n + 2). 

It is not hard to see that (|4.7p has the general solution 

(4.8) a = ^^s' + ^Ps + c,s^-- + C2S-^, 

71+1 K[n + 1) 

where q's are integration constants. Substituting (|4.8p into (|4.4p gives 

(4.9) A = ^s + «2c2s-". 

n + 1 

Now letting q = {q2,—qi), and multiplying on both sides of (14. 3p . we get 



(na— $ + a$ + a^)q = -2eq 

P 



-^(a/3"$g^) = -2e/3"g^. 
as 

Thus 

a/3"3>g'^ = -2e / /3"ds • + 



for some constant vector w — (wi,W2)- In details, we have 

(4.10) buU2 - b[2Ui ^ vi, 

(4.11) bl2U2 - b22Ul = V2, 

where 

vi = /3-"(-2g2e / /3"ds + wi) = -^^s + 
J n+1 



V2 = /3-"(2gie / + zi;2) = + Wz^""* 

' n+1 



n „— n 



Remark 4.1. In the light of Lemma [2?5l it remains to determine Ui and U2 from (I4.10p and (|4.11l) . 
and to verify that they satisfy the identity qiUi + q2U2 = A (cf. Remark l2.3p . After this is done, 
we can define B = {bij) as in Lemma 12.51 whose determinant turns out to be a automatically. 
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Notice that qi ■ + (j2 • yields 

(4.12) U1U2 -UiU2 = 

where ip — Qi^i + q2W2 is a constant. We divide our discussion into two cases V' 7^ ^ind = 0. 
The latter case is postponed until we place smooth collapse conditions on bij in f}5l 
Now assume ip ^0. It follows from Lemma [2751 that 



. 2UiUi + q^a Uf + gjq ■ 
^11 = A A^^' 

• 2U2U2 + qla Ui + qja- 
b22 ^ ^^A, 

,• U1U2 + U1U2 - qiq2a U1U2 - qiq2a : 
= ^ ^2 A. 

Substituting them into (|4.10p and (|4.1ip yields 

(4.13) i7i =^-V"(«iA-g2(aA-aA)), 

(4.14) i72 = V'"V"(w2A + gi(dA-aA)), 

provided (j4.12p is valid. Plugging them back into (j4.12p leads to the following consistency condition 

(4.15) = /32"A(dA - aA) - /3"A(/3"(dA - aA))-^2e(3^"A^. 

The right-hand side of (j4.15p looks quite complicated, while the left-hand side is just a constant. 
It is thus surprising to see that when we plug (|4.8I) and (|4.9p into (|4.15l) , the consistency condition 
reads 

(4.16) = 2(n + 1)k2"+3c2(pci + C2eK) > 

as i/" 7^ 0. Assuming this holds true, we can explicitly write down Ui and U2 respectively according 
to (lifni) and dmi). The upshot is 

(4.17) Ui = -7^^(pu;i + npgf2K"ci + g2eK"+^C2(n l))s + ^(u>i - g2K"ci)s-", 

'(/'(ri -|- Ij 

(4.18) U2 - -7^^(pw2 - npqiK"ci - gieK"+ic2(n + l))s + ^(^2 + giK"ci)s-". 



It is clear that qiUi + q2U2 = A (cf. (|49)) V 

Proposition 4.2. (|4.8p . (|4.9p . (|4.17p . and (|4.18p . together with the consistency condition (|4.16p . 
gwe rise an exaci solution of (|4.3I) a77.rf (|4.4I) i/ we define bij as in Lemma[ 

5. Non-positive Einstein manifolds 



The data given in Proposition l4.2l vield local metrics on J x Pq. In general, they are not Einstein 
metrics since the solutions may fail to satisfy ()4.2p . As noted in the paragraph preceding Assumption 
[1] one way to pick out Einstein metrics from these candidates is to smoothly extend them to one 
endpoint of / by choosing parameters appropriately. This amounts to collapse a circle in each fiber 
of Pq. In practice, we collapse the circle in 2-torus corresponding to characteristic class qia at the 
left endpoint of /, say si > 0. This gives rise to the following smoothness conditions on bij{t): 

(1) bij{tys are smooth and even in t around ti — t{si); 

(2) 5ii(ii) = 5i2(ii) = 0, 622(^1) > 0, and ^|t=u v^^(i) = 1. 
The smoothness condition on c{t) will be given in a while. 
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Remark 5.1. Condition (2) implies a(si) ~ C/i(si) = 0. 

The rest of this section is devoted to constructing complete non-positive Einstein manifolds. In 
particular, we assume e < 0. Our discussion is again divided into two cases "0 7^ and ip = 0. 

5.1. ip^O. It follows from (HlHl) that 

(5.1) a = Qs-", 

where 



n + 1 K(n + 1) 

By (jil^ . (3(0) = C2 7^ 0. Thus the identity a{si) = forces si > and Q{si) = 0. It follows that 

(^•^^ '^-^'1 "^(^TTiy'i 

Remark 5.2. Later on, we will see that si is actually the largest positive root of Q. 

Notice that c{ti) > as /3(si) = ksi > 0. Thus the smoothness condition on c{t) is 

• c(t) is smooth and even in t around ti. 
On the other hand, it follows from (14. 17^ that Ui{si) = iff 
2 

(5.3) t{pwi + npg2K"ci + eq2K'^'^^C2(n + l))s?+"^ = —kc2(wi — q2K"ci). 

n + 1 



Using (|5.2p to eliminate C2 in (15. 3p yields 

(5.4) -KsAci - -^s"+^)(wi - q2n"-\K,ci + 2ps? - 2eK,s"+^)) = 0. 

n + 1 



Claim 5.3. ci - -^s\'+^ 4 

-■- n+l i ' 



+ 1 

Proo/. If ci = ;|pisr^\ then it follows from dS^) that C2 = - ^(^+1) ^^'^^ So pci + eKC2 = 0. This 
contradicts (|4.16p . D 



By Claim [5731 we get from ()5.4p that 

(5.5) wi = g2«:"~^(«:ci + 2^^ - 2eK4+i). 

Now it follows from ([O)) . ((53|) . and the fact W2 = (72"^('(/' - QiWi) that 

C/2(si) = -g2-'sr"«'(ci - 

Thus 

A(.si) = g2f/2(.si) - _ Jl^/'+l) > 0. 

n + l 

So ci - ^,s^+' < 0, i.e., 

(5.6) ci < ^^s"+' < 0. 

n+l 

Remark 5.4. This upper bound on ci guarantees the positivity of 622(51) = '?2^^t^2('Si). 
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We consider now the consistency condition (|4.16l) . Combining (|5.6p and (|5.2p gives 

pci + enc2 = (ci — r'S?^^)(P ~ cksi) < 0. 

n + 1 

Thus it fohows from (I4.16P that 

(5.7) C2 < 0. 

Remark 5.5. The negativity of C2 guarantees the positivity of A(s) on [si,oo). In fact, A(si) > 
as shown above, and by (|4.9p 

A(s) = - K^C2ns^'"-^^ > 0, Vs > si > 0. 

n + 1 

By (|5?2|) . (fSJ)) is equivalent to 



(5.8) ci > ^s^i ~ -T^^s^- 

^ ' n + 1 ^ K{n + 1) ^ 

Lemma 5.6. a > on (si,oo). 

Proof. By (|5.ip . we only need to show that Q > on (si,oo). Notice that 

n + 1 K 
n+r K(n + 1)" + K(n + 1) ^ 

2e n+lx , 2p 



n + 1 K(n + 1) 

> 0, Vs > si > 0. 

The positivity of Q{s) on (si,(X)) then follows from the fact Q{si) — 0. O 

Remark 5.7. Now we take / — (si, oo). By Lemma |5.6[ there are no more collapses on (si, oo). So 
the metric g {ci. (|4.ip ') is well-defined on /. 



We compute now the derivative of y/bii{t) at ti. 



IE-El V "iiv-y j-^'^- t — 



-J:\t=t^\/bll{t) = ^lim 
lim 



6ii(s)Va(i) 
2v/6ii(s) 
|g2|A(si) 
2VA(^' 



The smoothness conditions require that |(72|<i(si) = 2y/A(si), i.e. 
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By dnSl) and ((^ . we have 



n + 1 ^ K(n + 1) n + 1 ^ 

We may introduce a new parameter < A < 1, and write 

_ n+l „n 

n+1 ^ K(n+1) ^ 

Thus (15.91) becomes 



Ti+1 



(5.10) k2|= 

Lemma 5.8. Given si > and A G (0, 1), there exists a unique k > such that ()5.10p holds. 
Lemma 5.9. anc? c(t) are smooth and even functions in t around ti. 



Proof. The smoothness of hij{t) and c{t) follows from the relation = yja{s)^ and the fact that 
a(s), A(s), J7i(s), U2{s), and /3(s) are rational functions of s. The evenness property follows from 
the identity ^|t=ti = ^A^^I^=^l = as a(si) =0. D 



Now we can extend the metric g (cf. (14.11) ) smoothly to the left endpoint si of / by choosing k 
as in Lemma 15.81 As noted before, this indicates the extended metric g to be an Einstein metric. 

Proposition 5.10. We construct two two-parameter families of non-positive Einstein metrics with 
Einstein constant e < on the associated solid torus bundle T{Pq) of the form 

2 

(5.11) g = a{s)-^ds^ +^hij{s)e^ + P{s)'K*h, se[si,oo), 

with free parameters si > and A G (0, 1). In details, k > satisfies i5.10\) . and 



, , , ,, S + Cis' "+C2S~", ^ = KS, A= —^S + K''C2S- 

n + 1 K[n + 1) n + 1 

_ 4(A- 1)to2k"(p- £K.si)3'/ ^ „+i 
V'(r7, + 1) 

^ 4(A-l)pgi."(p-e..i).l' _ ^ ^P^is + (A - 1)5^1.-"), 

■(/'("- + 1) g2(ri + l) 

_[/f + g|Q; _UiU2~qiq2a -\- qfa 
bii ^ , 6i2 ^ , &22 ^ , 

- ^,"+1 - 2pA „ _ 2p(A-l) , 

"^^"n+l"^! «(n + l) 1' «;(n+l)'^i ' 

V' = ±\j8{n + 1)-Vk2"+^A(1 - A)sf +i(p - ensi). 
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5.2. V = 0. In this case, reduces to U1U2 - U1U2 = 0. 

Claim 5.11. Ui = 0. 

Proof. If C/i 7^ 0, then we have 

Thus U2 = ^jXJi for some constant ^. By Remark |5.1[ we have C/2(si) = ^Ui{si) = 0. So 622(51) — 
as &i2(si) — and (72 7^ 0. This gives a contradiction. O 

By Claim [STTTl we have A — q2U2, i.e., L/2 — 92^^- it follows from Lemma [2.51 that 

^11 = 92^' &12 = -gi'72^, 622 = g?^ + g2"^A. 

We turn now to check (|4.10p and (|4.1ip . Notice that 

, dA — aA 



5ii = 



A2 ■ 

Substituting it into (|4.10p gives 

q2(<iA — aA) — viA. 

By (|4?8)) and (|49)) . this amounts to 

Wi = — p^^g2K"(npci + eKC2{n + 1)), C2(pci + eKC2) = 0. 

On the other hand, 

dA-aA 
bi2 = -9192 ^5 • 

Substituting it into (|4.11l) gives 

—qi{dA — aA) = W2A, 

which amounts to 

W2 — p^^qiK"'{npci + eKC2{n + 1)). 

Clearly ^p = qiwi + q2W2 = as supposed. 

Regarding the consistency condition C2(pci+eKC2) = 0, we divide our discussion into two subcases 
pci + eKC2 = and C2 = 0. 

5.2.1. pci + eKC2 = 0. In this case, ci = —p~^eKC2. Thus 

a = + — ^^,s - p-hKC2s'-^^ + C2S-" = (^-is-" - p-ie,si-«)( + ^02), 

n + 1 n(n +1) n + 1 

A = + n^c2S-'' = + KC2). 

n + 1 n + 1 

We have 

^11 — <l2^ — '?2'^^^(1 — p^^cKs) > 0, Vs > Si > 0. 
In particular, 611 (si) > 0, which contradicts the smooth collapse conditions. 
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5.2.2. C2 — 0. In this case, we have 



2e 2 , 2p i_„ ^ 2pK 



71+1 K(n +1) 71 + 1 

Claim 5.12. si > 0. 

Proof. If si = 0, then ci has to be zero since a{si) — 0. Thus 

= = ^p-igKs) > 0, Vs>0. 

As shown above, this contradicts the smooth collapse conditions. O 

An immediate consequence of Claim is that 
Corollary 5.13. A > oti [si,cx)). 

On the other hand, the requirement a{si) = is equivalent to 

2£ „n+l 2p 



(5.12) ci = s" 

^ ' n+1 ^ k(7i+1) 

Notice that ci < 0. 

Lemma 5.14. a > on (si,oo). 

Proof. By (15.121) . we have 



Ac Or, 

-s+ . ^ +ci(l-77).s-" > 0, Vs>si>0. 



71+1 k(71 + 1) 

Now the claim follows from the fact a{si) —Q. O 

Lemma |5 . 141 implies that there are no more collapses after si. So we can take / — (si,oo). The 
metric g (cf. (|4.ip ) is well-defined on /. 

It follows from a(si) = and A(si) > that 6ii(si) = 5i2(si) — and 622(51) > 0. Moreover, 

d 



r—- \q2Hs1) |g2|(-£Acsi + ;7fr) . 
2v/A(si) J^si 

as required by the smooth collapse conditions, is equivalent to 



^si 

n+1 



(5.13) np. ez+. 

Proposition 5.15. Given Si > 0, there exists a unique k > such that (|5.13p holds. 

As before, it is easy to see that bij{t) and c{t) are smooth and even in t around ti. So by choosing 
K as in Proposition [5321 '^e can extend the metric g (cf. (|4.ip ) smoothly to the left cndpoint si of 
I. The extended metric g is an Einstein metric. 
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Proposition 5.16. We construct a one-parameter family of non-positive Einstein metrics with 
Einstein constant e < on the associated solid torus bundle T{Pq) of the form 

2 

g^a{sy^ds'^+ ^ bij{s)0' + l3{s)Tr*h, se[si,oo), 
with free parameter si > 0. In details, k > satisfies ()5.13|) . and 



n+1 K(n+1) ^n + 1 ^ K(n+1) 

''ii = '?2^> &i2 = -gig2-^, 622 = gj'^ + g^^A. 

Remark 5.17. The boundary one-parameter family with A = 1 in Proposition 15.1(11 corresponds to 
the one in the preceding proposition. So we may combine Propositions 15.101 and 15.161 by ahowing 
A = 1 in the former one. 

5.3. CCE manifolds. In this subsection, we speciahze to the negative Einstein metrics in Propo- 
sition [5?ini (including the limiting case A — 1). We will show that they are CCE metrics, and thus 
complete the proof of Thcorcm ll.il Without loss of generality, we assume e ~ —{2n -\- 2). 

Lemma 5.18. The Einstein metric g given by ()5.1ip is complete. 

Proof. The geodesic distance J^^ a{T)^idT w.r.t. g is unbounded since a(s) ^ as s — >■ 00. O 

We define now a conformal metric g on T{Pq) given by 

2 

(5.14) g = s-^g = {sais))"^ ds^ + ^ s-H,j{s)e' ® 9^ + KTr*h. 



Lemma 5.19. g extends to a compact metric on T{Pq) = T{Pq) U dT{Pq). 

Proof. The geodesic distance Jj* {Ta{Ty)^ ^ dr w.r.t. 'g is bounded since a{s) ^ as s — >■ 00. Notice 
that Ui{s) and A(s) grow like s as s — > 00. So by Proposition l5.101 hij{s) ^ s as s — ?> 00. Moreover, 
linis-foo s~^a(s) = 4 > 0. Thus 5|aT(p,)={s=oo} is well-defined and non-degenerate. O 

Corollary 5.20. g is a CCE metric. 

Remark 5.21. Note that p[s) ~ s^^ is a defining function for dT{Pq). In fact, it is clear that p > 
in T{Pq) — {si < s < 00}, and p = on dT{Pq) — {s = 00}. Moreover, 

d ds d ^ ■} d ^ 3 d 

— = = -2p"^ — = -2s5 — . 

dp dp ds ds ds 



Thus 



lim g( — , — ) = hm As^ais)-' = 1 > 0. 

s-i-oo (Jp dp s->oo 



In particular, dp\QT{Pg) 7^ 0- 

Remark 5.22. The event horizon {s = si} is the nontrivial principal circle bundle over V with Euler 
class q2a. Topologically, it is the deformation retraction of T{Pq), 



20 



DEZHONG CHEN 



5.4. Q-curvatures. In this subsection, we wiU give a proof of Theorem 11.51 The proof consists of 
two steps. First, we show the vanishing of total Q-curvature for every conformal infinity associated 
with the CCE manifolds in Theorem ll.il Second, we show that every conformal infinity contains a 
representative with constant Q-curvature, which thus must have constant zero Q-curvature. 

5.4.1. Geodesic defining functions. Recall that the CCE metrics in Theorem 1 1 . 1 1 are given by (j5.1ip . 
We see that p = s~^ is not a geodesic defining function. In order to find a geodesic defining function 
cr, we are led to a first-order ordinary differential equation 

(5.15) d^^_ds 
Proposition 5.23. Let 

C(s) ^ f i^- -l=^)dr, s > si > 0. 
Then a — s^^ exp^ satisfies (|5.15p . and is a geodesic defining function. 

Proof At si, a(si) = and a'(si) = 4(n+ l)si + 2pK-^{l ~ > 0. Thus a(s) = 0{\s - si\). 
We see that C is well-defined on [si, oo). In particular, C(si) — 0. On the other hand, 

a{s) - 4s2 2p 
hm = ——^ — - > 0, 

s^oo s K[n + 1) 

i.e., a{s) — 4s^ ~ s as s — oo. Thus 

J_ i_ ^ <r) - 4r^ ^ J_ 

We see that Coo — lims_j.oo C{s) is finite. By definition, lim^-j-oo cr = 0, i.e., u = on dT{Pq). 
Now differentiating the formula of C gives 

(5.16) 1:=^-^=, s>su 

which shows that C is smooth on (si,oo). 

Finally, it is not hard to check that cr = s~2 expC satisfies (|5.15p . Thus cr is a geodesic defining 
fimction. This completes the proof of Proposition 15.231 O 

Remark 5.24. C is not smooth at si. To see this, we return to i-coordinate. By (|5.16p . we have 

c?C ds ^/a ^ 

dt ds dt 2s 

In particular, Ci^i) = ^1 0. Thus C is not even in t around ti, and hence not smooth at ti. 
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Hence the range of a is [0, ^] since cr(si) ~ s^^ as C(si) — Oi and linis^oo cr = 0. By the inverse 

_ \ 

function theorem, s can be written as a function of a on [0, Si say s — cr^^^, where ^ = ^(f) is 
the unique smooth solution of the ordinary differential equation 



subject to the initial condition ^(0) ~ exp(2Coo)- 

5.4.2. Asymptotic volumes. In terms of the geodesic defining function u, we can rewrite our Einstein 
metric g as 

2 

(5.17) g = (j-^da^ + ^ Eij{a)0' ^ 6^ + F{(j)n*h 

with Eij{a) = bij{s) and F{a) ~ I3{s). By ()5.15p and (|5.17p . the asymptotic volume is 



Yolgi{a>S}) ^ C ^det{E,j)F^ — 



c 



Jdet(fe,,)/3"(-^) 

J si 



n + 1 

il^(^-(2„+2)^(^)„+l_^n+l)^ 



n + 1 

where C = 47r'^Vol;i(y). Since ^ is smooth around 0, no log 5 term will appear in the asymptotic 
expansion of Volg({r > S]). Thus the conformal infinity has vanishing total Q-curvature. 

5.4.3. Constant Q-curvature metrics. Now it remains to show the existence of representatives with 
constant Q-curvature in every conformal infinity. Let us consider the restriction gi, of a^g to the 
boundary dT{Pq). To show that gi, has constant Q-curvature, by [TTl Theorem 3.1], we need to 
find the unique solution U mod 0{a^"~^^) of the Poisson equation 

AgU ^2n + 2 + 0(cr2"+3 loga) 

of the form 

U ^logCT + A + Ba^''+'^ log cr + 0(cr2"+2) ^ 

with A,Bg C°°{T{Pq)) and ^|g7-(p^) = 0. It has been shown that B\Qrp^^p^^ is a constant multiple 
of the Q-curvature of gh [HI Theorem 4.1]. 

Lemma 5.25. For any function G{x) of variable x, Ag{G{a)) depends on a only. 
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Proof. Let l = logcr, i.e., a = expi. Thus G((t) = G(logt). We may rewrite our Einstein metric as 

2 

with Eij{L) — Eij{a) and — F{a). Then it is not hard to see that Ag(G(logt)) is a function 
of L only (cf. Lemma [3. 2p . In other words, Ag{G{a)) is a function of a only. O 



Following closely the proof of [TT, Theorem 3.1], we first construct the function A mod 0(cr^"+^) 
of the form X^i"^ ^i'^^ with constants q such that 

AgA 2n + 2 - Ag logcr + 

where the remainder W turns out to depend on a only. Then we can formally determine B = B{a) 
subject to the boundary condition B\Qrp(^p ■) — — (2n + 2)~^W^(0), from which follows the constancy 
of the Q-curvature of gh- As shown in t ^5.4.2[ gi, has vanishing total Q-curvature. Thus gb actually 
has vanishing Q-curvature. This completes the proof of Theorem 11.51 

Remark 5.26. The Q-curvature in dimension 4 is given by an explicit formula 

Q= i(Ai? + i?2-3|RicP). 
6 

So it is not hard to verify that for every 5-dimensional CCE manifold in Theorem ll.li the restriction 
of 5 (cf. ()5.14|) ') to dT{Pq) = {s = oo} has zero Q-curvature (cf. Lemma [2^ and Proposition l5.10p . 

5.5. Ricci-flat manifolds. In this subsection, we specialize to the Ricci-flat metrics in Proposition 
15.101 (including again the limiting case A = 1). We will show that they are complete, and have slow 
volume growth and quadratic curvature decay. 

5.5.1. Completeness. The geodesic distance w.r.t. g (cf. ()5.11|) ) is given by 




By Proposition 15 . lOl a{s) ~ s as s — > oo. So t ^ ^/s is unbounded. Thus g is complete. 

Remark 5.27. More precisely, we have t ~ ^J2p~^'K{rl^\^Tjs. By Proposition l5.10[ bij{s) and ^(s) 
grow like s as s — >■ oo. In other words, bij[t) and c(t)^ grow like t^. So g is asymptotic to a cone 
metric 

2 

5e = de + 1\ J2 ® + 2(n+l) ^*^^' 

where b^j = ^UiUj, and 

~ 4(A-iyg2Ac"s^ ~ ^ 4(A ~ l)p^giAt"s^ 2pK 

' iPin + 1) ' ' ^(n + l) g2(n + l)' 

However, is degenerate in the sense that det (bij) — 0. 
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5.5.2. Volume growth. The volume element w.r.t. g is given by 



Volg = -y'^-a-/32«.VoU-s". 

So the volume function grows like s"+^, i.e., ^^"+2 gjjjQg g ^ Thus g has slower-than-Euclidean 
volume growth. 

5.5.3. Curvature decay. Using formulas from fJSj one can check that the curvature tensor of g decays 
as fast as t~^ when t — > oo, and hence so do the sectional curvatures of g. 

6. Positive Einstein manifolds 

In this section, we prove Theorem 11.91 by constructing complete positive Einstein metrics from 
local solutions given in Proposition |4?2l From now on, we fix the Einstein constant e = 2n + 2. 

6.1. Smooth collapse. In order to obtain closed manifolds from AI — I x Pq, we must add to it 
two principal circle bundles, one at each endpoint of /. In other words, we shall collapse the two 
standard circles in each 2-torus fiber of Pq, one at each endpoint of /. More precisely, we collapse 
the one corresponding to characteristic class qia at the left endpoint si, while the one corresponding 
to characteristic class q2a at the right endpoint S2- The smoothness conditions on bij{tys are 

(1) bij{tys are smooth and even in t around tk = t{sk), k = 1,2; 

(2) 6n(ii) = 6i2(ii) = 0, 622(<i) > 0, and i\t^t^^ /b^ = 1; 

(3) &i2(i2) =622(^2) =0, 611(^2) >0, and ^ |t=t, = -1- 

Remark 6.1. Recall that Ui — qibn + 52^12, U2 = 171612 + 92^22, and a = deti? given by (j4.8p 

(6.1) a(s) = ~4s^ + -T^^s + cifii-" + C2S'". 

K[n + Ij 

Conditions (2) and (3) imply a{si) = Ui{si) ~ 0, i ~ 1,2. 

In 21 local solutions fall into two categories, "0 7^ and -0 = 0. In the latter case, we can apply 
the argument for Claim [5.111 to the current situation, and conclude that Ui = 0, i = 1,2, since 
\Qi\ > 1 92 1 > by assumption. It follows that = 0, which gives a contradiction. Thus we cannot 
construct smooth positive Einstein metrics when -0 = 0. Henceforth, we focus on the case ip 0. 

We proceed to study the smooth collapse at si > 0. As shown at the start of ^ 15.11 the assumption 
ip ^ forces si > 0. By ()6.1|) . a{si) = is equivalent to 

(6.2) C2=4.r^--^.r^-cisi. 

K[n + 1) 

Substituting dHj]) into Ui{si) = (cf. (|4T7)) ) yields 

(4s^+i - ci)iwi - g2K"~'(KCi + 2ps^ ~ {An + 4)ks^+1)) = 0. 

Claim 6.2. ci ^ As'l+\ 

Proof. If ci = As'^+\ then ^ reduces to C2 = -^^s'l+K So pci + (2n + 2)kc2 = 0. By Bl^ . 
■02 = 0. This gives a contradiction. O 

Therefore, 

(6.3) wi = q2K"-\KCi + 2ps1 - (4n + 4)ks"+^). 
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Remark 6.3. (|6.3p necessitates q2 ^ 0. If ^2 = 0, then w\ — 0, and hence V' = + (72^2 — 0. 
This gives a contradiction. 



By gSl) and ([Ol) 

> 0. 



2pK 2 -nit n+2 '^P ri+1 \ 2 1-n / a n+1 \ 



So ci < 4s^+^ On the other hand, pci + (2n + 2)kc2 = (p- (2r7. + 2)ksi)(ci - 4^+^). Thus 
becomes 

(6.4) = (2n + 2)k2"+3c2(p - (2n + 2)ksi)(ci - 455^+^) > 0. 
In particular, ci — 45"^^^ ^ 0. So it must be 

(6.5) ci < 4s'l+\ 

Thus A(si) > 0. It follows that C/2(si) = q^^A{si) ^ 0. By Lemma [231 we see that 
Proposition 6.4. and ensure 6ii(ti) = 5i2(ii) = and 612(^1) > 0. 

Remark 6.5. By (|6.5p . (|6.4p amounts to 

(6.6) C2(p- (2n + 2)KSi) < 0. 

We study now the smooth collapse at S2(> si > 0). It follows from a{s2) = that 

(6.7) C2 = 44+2 - ^^s^+l - C1S2. 

k(71 + 1) 

Substituting (HT]) into ?72(s2) = (cf. dHH])) yields 

(44+1 - ci)(u;2 + giK"^^(KCi + 2ps^ - (4n + 4)k4+^)) = 0. 
By (l6?5|) . we have ci < 4s2^\ Therefore, 

(6.8) W2 = -qiK"-i(KCi + 2ps^ - (4n + 4)ks^+^). 



Remark 6.6. (|6.8p necessitates qi ^ 0. If qi = 0, then W2 = 0, and hence ip = ^i^^i + <l2W2 — 0. 
This gives a contradiction. 

By gH) and (l6J)) . 

2pK 2 -n/^ n+2 , 2 n+1 \ ^ n 

A S2) = — — -S2 + KS2 (4s2^ — —782 -C1S2 =KS2 (4s2 -ci)>0. 

n+1 k(71 + 1) 

Thus Ui{s2) = qr^^(«2) 7^ 0. By Lemma [231 we see that 

Proposition 6.7. ([Q) . ([STSll . and (|S31) ensure 612(^2) = fe22(i2) = and 611(^2) > 0. 
By (1121), we have pci + {2n + 2)kc2 = (p - (2n + 2)ks2)(ci - 4s2+^). So KW\i becomes 
V-^ = (2n + 2)k2"+3c2(p - (2n + 2)ks2)(ci - 4^+^) > 0. 

Thus 

(6.9) C2(p- (2n + 2)KS2) < 0. 

Lemma 6.8. p > {2n + 2)ksi. 
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Proof. Let 

(6.10) F(z) = 4z"+2 - _ ciz,si <z< S2. 

K{n + 1) 

By (|6.2p and (|6.7p . F(si) = F{s2)- Thus RoUe's theorem asserts a zq G {si,S2) such that -F'(zo) = 0. 
However, 

F'{z) = 4(n + 2)z"+i-2pK-iz"-ci 

> 4(n + 2)z"+i - 2pK'^z" - 455*+^ 

= 4(z"+i - s1+^) + 2K-iz"((2n + 2)kz - p) 

> 2K"^z"((2n + 2)ksi -p), si < z < S2- 

If p < (2n + 2)ksi, then F'{z) > on (si, S2). This gives a contradiction. Thus p > (2n + 2)ksi. O 



By dnSl) and (p^ . C2 < and p > (2?i + 2)ks2. Therefore, 

(6.11) 0<S,<S2< 

K(2n + 2) 

On the other hand, equating (|6.2p with (|6.7p gives 

n+2 _ n+2 r, n+1 _ n+1 

(6.12) ci=4^2 fi f2 

S2 — Si K(n +1) S2 — Si 

Substituting ((O^ into gives 

6.13 C2 = (4(S2^-Si ) / I i^ ^2 - ^1 ■ 

Si — S2 K(n + 1) 

Since C2 < 0, and imply 



(6.14) ^^>44-^-;<^-^- 

Lemma 6.9. Suppose ci is given by (|6.12p . T/ien ci < 4s"^^ provided S2 < ^(2k+2) • Furthermore, 
(|6.14p is equivalent to 

(6-15) s^+i - rsS > s^'+i - ^ s^ 

^ ^ ^ K(2n + 2) ^ ^ K(2n + 2) ^ 

Proo/. By (|02| . 

„+i _ ^^„+i 



ci-4sl^+^ = 4^ ^(S2 



So ci - 4s"+^ < if S2 - i^(2n+2) < ^- Furthermore, 



S2 — Si K(2n + 2) ' 

^ n PiiT-fL 

(2n+2) 



I „n _ 4S2 , „_|_i „+i ^ . 
Ci - 4S^ H 7 T-TT*! — 1*2 ~ '^1 77i —^\^2^^l h 

K(n+1) S2 — Si K(2n + 2) 



ci - 4s"+i + , s^ - ^f^(s^+i _ s'l'+i _ ^ (s^ _ sj')). 

2 K(n+1) 2 S2-S1 ^ ^ K(2n + 2)^ ^ 

They are positive iff s^+i - sj'+i - ^(2,^+2) (^2 ~ s'l) > 0. 



a 



Lemma 6.10. F{z) < 02 < on (si,S2). 
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Proof. By (|STII| . 
Thus 



J < ^' ^ ^ 2K(n+lKn+2)) 
> '^J ^ ^ (2K(n+lKn+2) ' 



Since i^(0) = > C2 = -F'(si) = -^"(52), it is not hard to see that F{z) < C2 on (si, S2). O 
Corollary 6.11. a{s) > on (si,S2). 

froo/. Assume a(so) < for some sq G (si,S2). Then C2 < 4sq+^ - ^(n+i) ■^o"'""^ ~ ^iSq = F(so)- 

This contradicts Lemma [6. 101 O 

Lemma 6.12. A(s) > on (si,S2). 
Proo/. By (gH), 

A = - ,i«;2^2S-"-i > 0, s > 0. 

71+1 

Thus A(s) > A(si) > when s > si. D 

Remark 6.13. Lemmas 12.51 16.121 and Corollary 16.111 imply that B{s) = {bij{s)) is well-defined and 
positiye-definite on (si,S2)- 

We study now remaining smoothness conditions at s^, i = 1, 2. As shown before, 

^ I /r~77Y lg2|Q^(^i) 
at 2^A(si) 

So ||t=t,v/MO = 1 iff g| =4A(si)d(si)-2. However, 

d(si) = s7"(-4(n + 2)s^+i+2pK-is5' + Ci) 



and 



Thus 



n+l _ n+1 

^ ' 1 ^K(2n + 2) ^ S2 - si 



2 ^ 2^3(p-(2n + 2)^.2)Gsr^-.r^) 

(n + l)si (52-5i)(p-(2n + 2)K.si- ^ (n+i)^^!^-.!) ) 

Similarly, we haye 

^ I /JTTa \l1Ms2) 

-7- t = t2 V 022(1; = ^ , ^ , , ■ 

dt 2^A(s2) 
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So i\t=t,VbW} = -^ iff g2 = 4A(s2)a(s2)-^ However, 

d(s2) = s^"(-4(n + 2)4+1 +2pAt-i4' + ci) 



and 



,2„l-n/ „ ^ 1 2 



n+1 „n+lN 



A(s2) = 4«;"s2""(^:r^^ " si) 



' K{2n + 2) si — S2 

Thus 



(n + l).ri(.i ~ s,)ip - (2n + 2)..2 - ^^-^^'gtKgSU 
We check now the identity = {qiWi + (72^2)^. Substituting (|6.12p and (|6.13l) into (|6.4p gives 

2rt+2 '^l'^2 f „n+l _ „n+l^| 

(si - 



(6.18) = 4k2"+2^_-LA^(4+i -s5'+i)(p- (2n + 2)KSi)(p- (2n + 2)KS2) 



•(4(4--rV;^(4-r)). 

On the other hand, by ((O)) and 

gizwi + 92^2 = 2(?ig2At"((2n + 2)(4'+i - s^^+i) -^^-^(^ - s^)). 

Thus 

(6.19) (giu;i + q2W2 f = 4g2g2^2„((2n + 2)(4'+i - 5^+^) -p^-^Ss " s?))'- 

We equate (pTTB]) with (pl^ . and substitute qf and g| by (pTTC)) and (pTf)) . The upshot is 

2 _ (?i + 1)5^5^ 

2^^2(5^+1 _ ,5^+i)((2n + 2)(sr' - s^i) - - s?)) 

■b-(2n.2)...- (^^(7^;)-;)(-^"-"") )^ 

(n + l)si(s2 - si) 

, (p-(2n + 2)^.i)(4'+i~4+i) ^, 

- + '^"^^ (n + l).',H^,~.2) ^ • 

To simphfy this expression, we introduce two quantities 

X = {2n + 2)p^^KSi, y = {2n + 2)p^^KS2, 

i.e., 

px py 
= — S2 



K(2n + 2)' K(2n + 2)' 

Remark 6.14. (lO.lip and (|6.15p become < x < y < 1 and 1/"+^ " > 2;"+^ - a:*" 
Now the formula for takes the form 

2 _ 



(n + l)2p2a;»y» 

(y"+i - x"+i)(j/"+i - x"+^ - ?/" + 2:") 

^ (l-y)(y"+i-a;"+i) ^2(^ ^ (l-a:)(x"+i-y"+i) ^2 
(n + l)x^(y — x) {n+ \)y"-{x — y) 
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Notice that is determined by x and y. Furthermore, (|6.16p and (|6.17p transform into 
(6 20) = P'^"y{l-x) 

^ ' ' ^1 - a;)(?/"+i - - y" + .X") ^ {n + l)x''{y - x) ' ' 

(6 21) v^xy-{\-y) (1 - x)(z/"+i - x"+i) , 

It remains to show that 

Proposition 6.15. Given a pair of non-zero integers qi and q2 with \qi\ > \q2\, there exists a point 
{x,y) eT = {0 < X < y < 1; y"+'^ - > x"+'^ - x"} such that ^^^^ and hold. 

The proof of Proposition 16 . 1 51 needs several lemmas. 

Lemma 6.16. For {x, y) e T, y^+^ - > a;''+^ - x*", fc = 0, • • • , n. 



Proof. Clearly the inequality is true for k = n. Assume the inequality holds when k > m. Then 



y,n+l _ ^m+l ^ym_ ^ ^™ ^ y^-^x* > Y.1=0^ y"'-^~^ X^ . So 



y"'~'x' > -y"' + + J2 V"''^~^x^ 

771—1 

= y™-l(l-y)+^y"-l-^x^- 
m— 1 

i-e-, YT=iy"'~'^''^ > or equivalently, I]"=o^ y""^"*^;* > YJ^=o V'"^ ' 

Thus — x™ > y™^^ — x™^^, i.e., the inequality is true for fc = m — 1. O 



Let 

m m— 1 

^™ = E y""'^' - E y""'"'^;^ ™ = 0, • • • , n. 

For example, = 1, Ai = y + x — 1. In the proof of Lemma [6.161 we actually show that 
Corollary 6.17. Am > 0, m = 0, • • • , n. 
Lemma 6.18. 

2 ^ (^)2y(l_:£)(y ^^)2 2 ^ (^)2^(l^(y .^_)2^ 

i—0 2—0 
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Proof. By dOOl) . 



2 ^ ~ x) (i-y)ELo^';/"~\ 2 



P y(l ~ x) 



{n + - x)^A, 



{n+l)'^x-^{y- X, 



fc=0 



By (|6.2ip . we get the formula for g| in a similar way. O 

Lemma 6.19. For {x,y) &r, qf > 
Proof. By Lemma 16.181 

n n 

ql - ?! = {^fx-^y--A-\y^^+\l - x^A.^^^f - x^+\l - y){J2 y'^^n-.)') 

71+1 ^ — ' ^ — ' 

1=0 i=0 

n 

z— i<j 



- x-+'y){J2y''Al_, + 2^2/'+^A„_,A„_,)) 

j— z<j 

= {^ fx-"y-"A-\y{x^'y"+^ - x^'+'y"+^ ~ x^^^y"' + x''^\^'+^)Al 

Claim 6.20. B^ = a;'=y"+i - - x'^'^^y^ + a;"+iy'=+i > 0, A: = 0, • • • , 2n. 

Proof. For < fc < n, 

> x^y^{y^"^^-^ - x''+^-^ - y''-^ + x"~'') 

> 0. 

For n + 1 < fc < 2n, 

Ilk = x"+^y"+i(y'=^" - x'^"" - /"""^ + x''-"-^) > 0. 



D 



By Claim 16.201 and Corollary [6. 171 qf - > 0. This completes the proof. D 



30 



DEZHONG CHEN 



Let 

Then G(0) = G(l) = 0, and 

Given x G [0, there exists a unique ?;*(a;) e [7;;^, 1] such that G{y^{x)) — G{x), i.e., 

Clearly, y*(x) is continuous and decreasing on [0, ;^], with ?;*(0) — 1 and y*{-^^) — 
Define 

Tl Ti 

Si = :0<x< 1}, S2 - {(a;,a;) : ^— < a; < 1}, S3 - {(x, (a;)) : < x < ^— }. 

n + 1 n + 1 

Then c)r = Si U S2 U S3. By Lemma [6.181 we have 

Lemma 6.21. (1) On Si, = 0. 

(2) On ^2, ql = ql 

(3) On S3, A„ = 0. 

Proof of Proposition [6A5[ For < a < 1, let us consider the line Cair) — {t,t + a), t E M.. By 
Lemma [6.211 1. q| = at Ca(l — a) — {1 — a, 1); when r decreases, Cair) approaches S3, and hence 

— > 00 as An (cf. Lemma [6.211 3V Thus given L2 € N, there exists the largest real number 
0(L2; a) < 1 — a such that = L| at Ca{Q{L2; a)) = (8(^2; a), 6(i2; a) +a). Notice that Q{L2;a) 
is a continuous function of a, and 6(^2! 0+ when a — !■ 1^. 

We study now the behavior of qf along the segment 6(^2; a), < a < 1. By Lemma [6. 181 



> 



y"+^{l-x) x"-i 

Since — y"^"^ < x" — x"+^, we have y"(l ~ y) < x"(l — x), i.e., 1 — y < j/^"x"(l — x). Thus 
(J? y"+i(l-a:) x"~iy" y^n+i 

^ > ,_^„ — : -T7 • — ; 7 = T- -7 • ^00, as X — and y — 1. 

ql {Y.l=ntAn-^Y x"(i-x) (ELoy'^n-)' 2; 

When a = 0, co(e(L2;0)) = (e(L2; 0), 8(^2; 0)) lies on S2. By Lemma [63T12, g2 ^ ^ Ll 
at co(8(i2;0)). On the other hand, 6(i2;a) is getting closer to when a increases to 1. Thus 
given Ll g N with Li > L2, the above estimate asserts an a{Li\ L2) £ (0, 1) such that qf = at 

Ca(Li;L2)(0(^2;a(ii;i2)))- 

In summary, given a pair of integers Li > L2 > 0, let qf be as in Lemma 16.181 with x = 
Q{L2 \ a{Li \ L2)) and y = Q{L2; a{Li; L2)) + a{Li;L2). Then = Lf. This completes the proof. O 



Remark 6.22. As before, it is clear that bij{t) and c{t) are smooth and even in t around tk, k — 1,2. 
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By now, we have checked that aU smooth coUapse conditions are satisfied, and hence construct 
a complete positive Einstein metric on the 3-sphere bundle associated with Pq. This finishes the 
proof of Theorem 11.91 

Remark 6.23. The Einstein manifold constructed above has volume CK"'{n + ^)~^{s^'^^ — s"^^) 
(cf. i )5.4.2l) . As pointed out in Remark 1 1.17[ it is hopeless to use this formula to verify whether two 
Einstein manifolds have the same volume. 

6.2. Homeomorphism and diffeomorphism classifications. We specialize now to the case 
that the base V is the complex projective plane CP^. Let Pq be the principal 2-torus bundle over 
CP^ with characteristic classes (gio, 52^), where a is a generator of i/^(CP^;Z) = Z. Let Ei ~ 
Pq X51X51 , E2 = Pq X51XS1 -D*! and Ej, = Pq X51XS1 be respectively the standard 3-sphere 
bundle, 4-ball bundle, and complex plane bundle associated with Pq. Denote by iTi : Ei CP^ the 
projection of bundle. There are natural inclusions jki ■ Ek ^ Ei, k < I; we have J13 — j23 ° ji2- 

6.2.1. Characteristic classes. We calculate here the second Stiefel- Whitney class and the first Pon- 
trjagin class of tangent bundle TEi. But the starting point is the Chern classes of E3. 

Lemma 6.24 (Chern class). ci{Es) = {qi + q2)a and C2(£'3) = qiq2a^ ■ 

Proof. There is a natural splitting E3 = Lq-^ Lq^ , where Lq. is the complex line bundle over CP^ 
with first Chern class g^a. So the total Chern class of E3 is 

ciEs) = c(iqj U c{Lq.^) = (1 + qia) U (1 + 920) ^ 1 + {qi + 92)0 + 91920^- 

O 

It follows from the preceding lemma that the 3-sphere bundle Ei has Euler class qiq2a^ . Applying 
to El the Gysin sequence shows that 

Lemma 6.25. 

H°{Ei;Z)=Z H^{Ei;Z)^0 H^{EuZ) = Z ■ nla H^{Ei]Z)^0 

H\Ei-z}) = Z\q^q^_\ ■ {-Klaf H\Ei-Z)^Z-x H^{Ei;Z)=0 H^{Ei;Z)^Z-TrlaUx 

Lemma 6.26 (Second Stiefel- Whitney class). W2(TEi) = (1 + + q2)iT*a (mod 2). 

Proof. Since TE^ = tt^TCP^ Trji^s, the total Stiefel- Whitney class of TE^ is 

w{TE-i) = 7r;{w{TCP^) U wiEs)). 

By Lemma [6.241 

W2iTE3) = 7r*(«;2(TCp2) + W2iE3)) = Tr*{3a + [qi + 92)0) = (1 + gi + q2)T^la (mod 2). 

Since TE2 = j^sTEs, we have 

W2{TE2) = j23W2{TE3) = (1 -I- gi + q2){TT3 o j23)*a = (1 + gi + g2)7i'2a (mod 2). 

Finally, to determine ■W2{TEi), we need first to compute W2(ker(d7ri)) as TEi = 7rJ'TCP^©ker((i7ri). 
Notice that ttIE^ = ker((i7ri)0i/^, where is the rank 1 normal bundle of iJi in E3. So W2(7rJ'i?3) = 
W2(ker(d7ri)), i.e., u'2(ker(d7ri)) — nlw2{E3) = {qi + q2)Trla (mod 2) (cf. Lemma IB. 24p . Thus 

W2{TEi) = 7r>2(PCp2) +u;2(ker(d7ri)) = Trl{3a) + (qi + q2)TTla = {I + qi + q2)TT*a (mod 2). 

O 
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Corollary 6.27. Ei is spin iff qi + q2 is odd. 

Lemma 6.28 (First Pontrjagin class). pi{TEi) ^ {3 + qf + q^){'K*a)^, i = 2,3. 

Proof. By [2i, Theorem 15.3], 2{p{TE3)-p{Tr*TCP^)Up{7r*E3)) ^ 0. Since H*{E3;Z) ^ H*{CP^; Z) 
is torsion-free, we have piTE^) = Tr^{p{TCP^) U piE^)). By [Ml Corollary 15.5] and LemuiaEM 
Pi{E3) = ci{E^f - 2c2iE3) = [ql + qDa". Therefore 

pi(Ti?3) = 7r*(pi(rCp2) +pi(iJ3)) ^ 7r*(3a2 + [ql + qDa") = [i + ql + ql)[nlaf . 
Moreover, pi{TE2) = j^^piiTEs) = (3 + + ql){n^af. D 



In addition to : £'2 — >■ E3, there are three more inclusions. The first one is jao : E3 — (i?3, £^3), 
where E^ is the set of all non-zero vectors in E3. The second one is j2i : E2 {E2,Ei), which 
induces a monomorphism : H^{E2,Ei;Z) — ^ H^{E2;Z) since H^{Ei;Z) = 0. The third one is 
jio : (£2,£i) (£3, £3), which induces an isomorphism j\*o : H^{Es„El;Z) -> H^{E2,Ei\Z). 

Remark 6.29. We have jio o jji = j30 o ■ E2 (£3, £3). 

Lemma 6.30. Let U G H'^{E3,E^;Z) be the Thorn class. Then JaiJiof^ = (li(l2{-n:laf ■ 

Proof. By d efinit ion, £3 has Euler class e(£'3) = (7r3)"^(j3ot^). So ij30°j23)*U = (7r30j23)* (e(£3 ))- 
By Remark 16.291 we have (jio o j2i)*C^ = 7''2 (^(-E's))- The lemma follows now from Lemma [6.241 O 



6.2.2. Kreck-Stolz invariants. The 3-sphere bundle i?i is a simply-connected closed 7-manifold with 
integral cohomology ring of the type = Z, = 0, and being a cyclic group of finite order 
generated by the square of a generator of H"^ (cf. Lemma [B. 251) . Kreck and Stolz [T71[TH] were able 
to define a triple of Q/Z-valued invariants to determine the homeomorphism and diffeomorphism 
types of this class of manifolds as follows. 

Given a smooth 7-manifold X as above, let x be a generator oiH^{X; Z). By [T51 Proposition 2.2], 
we can find an 8- manifold Y with y e H^{Y\ Z) such that dY — X, y restricts to x on X, W2{Y) = 
when X is spin, and W2{Y) = y (mod 2) when X is non-spin. Since H^{X\ Q) = H^{X\ Q) = 0, we 
have H^{Y,X\Q) = H'^{Y;Q). Via this isomorphism, we can regard y^ and pi{TY) as elements 
of H'^{Y, X;Q), and evaluate their products on the relative fundamental class [yj-'f]. By abuse 
of notation,, we write y^ = {y\ [Y,X]), pi = {pi{TYf, [Y,X]), and yV = (y^ Upi(Ty), [Y,X]). 
Denote by sign(y) the signature of Y . 

Definition 6.31. (1) In the spin case, define 

(V ^ Pi sign(r) y4 y2p^ 2 4 y^p-^ 

(2) In the non-spin case, define 

IV \ y^P^ , Pi sign(y) 54 y'^pi 13 4 

^i(i^,y) = ^-^ + ^-^^, ^2(r,y) = -y s3{Y,y)^-y 

By [IHl Proposition 2.5], Si{Y, y) (mod Z) depends only on (X, x). So we define Si{X^ x) — Si(Y, y) 
(mod Z). Moreover, Si{X^ x) is independent of the choice of a generator of H^{X; Z). This leads to 

Definition 6.32 (Kreck-Stolz invariants). Si{X) = Si{X,x), i — 1,2,3. 

The next theorem is due to Kreck and Stolz [T71 (TB] (see [121 Theorem 1] for the correct formu- 
lation). 
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Theorem 6.33. Let Xi and X2 be smooth 7-manifolds of the above type such that \H'^{Xi;Z)\ = 
\H'^{X2;'Z)\ which are both spin or both non-spin. Then Xi is diffeomorphic (homeomorphic) to X2 
iff s^{Xl) ^ s^{X2) /ori = 1,2, 3 (resp. 28si(Xi) = 28si(X2) and s,{Xi) = s^{X2) for i = 2,?,). 

6.2.3. Calculation of Kreck-Stolz invariants associated with Ei. By Lemma 16.251 x = Tr^a is a 
generator of H^{Ei;Z). 

Lemma 6.34. E2, together with y = ■n'^'^, qualifies as the required zero bordism. 

Proof. Clearly x = ii2y for the inclusion ji2 ■ Ei — !■ £'2. The lemma follows now from Lemma 16.261 
O 



Remark 6.35. With rational coefficients, : H^{E2,Ei;Q) — )• H'^{E2;Q) = Q is an isomorphism. 
By LemmaiJOl the image of the Thom class in H'^{E2,Ei;Q) is jl^U = qiq2{j2i)~^{y^)- 



Lemma 6.36. The involved relative characteristic numbers 



are 



4_ 1 2 _3 + g2+g2 ^ (3 ^^2 ^^2)2 



y = — , y pi^ , Pi 



91 92 qiq2 9192 

Proof Since (j2i)"^(y^) = {qiq2)^'^ JIqU , we have 

y' = ((J2i)-'(y')u(j2*i)-'(y'),[i?2,i?i]) 

= —{{f2^r\y')lJjloU:[E2,E,]) 

9i92 

= —{a\[CP']) 
9192 

1 



9192 

By Lemma ESI Pi{TE2) = (3 + + ql)y^ . So 

2 /o I 2 I 2\2 4 (3 + 9l + 92)^ 2 /o 1 2 I 2\ 4 3 + (/^^ + (/f 

Pi 3 + gi + ^2 ?y = , y Pi = {i + qi + 92 y = • 

91 92 91 92 



o 



Corollary 6.37. sign{E2) = sgn(qiq2). 

Corollary 6.38. The Kreck-Stolz invariants associated with Ei are 

(1) In the spin case, i.e., when qi + q2 is odd, 

s (E )^ (3 + 9i +9l)^ _ gg^(9i92) s (E ) = _i±^L±9| s (E ) ^ 5 - - g| 
^' 896gig2 224 ' ^' ASqm ' ^' 12gig2 

(2) In the non-spin case, i.e., when qi +92 is even, 

1 3 + , (3 + 9? + 9i)' ^g»(9i92) 2 - - g| 

Si [E^ — , S2{E^ — , 

^ ' 384(7192 192gig2 896gi(72 224 " 24gig2 

■53(^^1) = 3 ■ 

89192 
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6.2.4. Classifications. Assume that Ei and Ei are respectively the 3-sphere bundles associated with 
Pq and P^. By Theorem 16.331 and Lemma 16.251 a necessary condition for Ei homeomorphic to Ei 
is \qiq2\ ^ |qi?2|. 

Proposition 6.39. Assume qiq2 = — $i$2- Then Ei is homeomorphic (diffeomorphic) to Ei iff 
ki92| = 1- 

Proof. Suppose qiq2 — — gi$2 = 1- So qf+qj = $f +$| = 2. By Corollarv l6.38[ Si{Ei) — Si{Ei) G Z, 
i — 1,2,3. By Theorem 16.331 Ei is diffeomorphic, and hence homeomorphic, to Ei. Conversely, 
suppose M — qiq2 — ~~qiq2 and Ei is homeomorphic to Ei. There are two cases. 

When El and Ei are spin, i.e., qi + q2 and qi + q2 are odd, we see that M is even. By Theorem 
16331 and Corollary EH) 1 , 

S2iEi) - S2(Ei) = G Z, S3(Ei) - SsiEi) = G Z, 

i.e., 2 + qf + ql + qf + ql = 48AfA:and \Q~q\~ql-q\-ql = 12MZ for k,leZ. So 12 = 48Mfc+12MZ, 
i.e., 1 = M(4fc + Z), and hence M = ±1. This gives a contradiction as M is even. 

When El and i?i are non-spin, i.e., qi + q2 and qi + $2 are even, it follows from Theorem 16.331 
and Corollarv l6.381 2 that 

S2(-Bi) - S2(£;i) = G Z, S3(-Bi) - ssiEi) = — G Z, 

i.e., 4-g?-g|-g-gf = 24Mfc and 20 - g? - - g - =8MTfoTk,Te Z. So 16 = 8Aff- 24Mfc, 
i.e., 2 = A/(Z — 3fc), and hence M = ±1 or ±2. If Af = ±2, then gi and 92 have to be even. So M 
is divisible by 4. This gives a contradiction. If M — ±1, then gi + g| = gf + gf = 2. By Corollary 
1081 2. si(£'i) = si{Ei) = 0. By Theorem[03l Ei is diffeomorphic to Ei. D 

From now on, we assume M = qiq2 = qiq2. Let N = qf + q2 and = gf + q| . 
Lemma 6.40. gi + (72 = gi + gi (mod 2). 

Proof Clearly gi + g2 = (gi + g2)^ = gf + gf + 2gig2 = gf + g| (mod 2). D 

Let us consider first the spin case, i.e., = = 1 (mod 2). By Corollarv l6.38l l. 

, , , (6 + A + iV)(7V-7V) N-N , , iV-A 
siOBi - si(£^i = — '-^ '-, S2{Ei) ~ S2iEi) = , s^lEi) - s^lEi) ^ . 

Proposition 6.41. In the spin case, Ei is homeomorphic (diffeomorphic) to Ei iff N = N (mod 
ASM) (and N + {!^^f = N + (^^f (mod 22AM)). 

Proof. If El is homeomorphic to Ei, then S2(-Ei) — S2(-Ei) G Z, i.e., N = N (mod 48Af). Conversely, 
if iV = A^ (mod 48 AT), i.e., N - N = A8Mk for some fc G Z, then S2(£'i) - S2{Ei) G Z and 
53(^^1) - S3(-Ei) G Z. Moreover, 28(si(£;i) - si{Ei)) = -3A:(3+ G Z as TV = TV (mod 2). By 

Theorem 16.331 Ei is homeomorphic to Ei. 

For El diffeomorphic to Ei, we need furthermore 

siiEi) - siiEi) = ^ ' ^ 2 ) 2 

u 1; IV ly 224Af 
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which is equivalent to TV + = N + {^)^ (mod 224M). O 

We turn now to the non-spin case, i.e., N = N = (mod 2). By Corollary 16.381 2. 

, , ,^ , (6 + N + N)(N-N) N-N , , N~N 

si(Ei) - si(Ei) = — '-^ '- H , S2(Ei) - S2(Ei) = , 

^ ' ^ ^ 896M 192Af ' ^ ' ^ ^ 2AM ' 

/X ^ N-N 

s^iE,) - s-,{E,) 



8M 



Proposition 6.42. In the non-spin case, Ei is homeomorphic (diffeomorphic) to Ei iff N — N 
(mod 2AM) Cand iV + 3(^)2 = TV + 3(f)2 (modQ12M)). 

Proof. If El is homeomorphic to Ei, then S2{Ei) — S2{Ei) <E Z, i.e., N = N (mod 2AM). Conversely, 
if iV EE iV (mod 24M), i.e., TV - iV = 2AMk for some fc e Z, then S2{Ei) - 52(^^1) e Z and 
s^{Ei) - Si{Ei) £ Z. Moreover, 28{si{Ei) - si{Ei)) = -fc(l + |7V + ISMfc) e Z as TV is even. By 
Theorem 16. 33i Ei is homeomorphic to Ei. 

For El diffeomorphic to Ei, we need furthermore 

.-^ TV + 3(f)2-iV- 3(1)2 
which is equivalent to iV + 3(f )2 = TV + 3(f )2 (mod 672M). D 
Proof of Theorem \1.13[ Theorem 11.131 follows from Propositions 16.391 16. 41) and 16.421 O 
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